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Abstract. Given a Brownian Motion W, in this paper we study the asymp- 
totic behavior, as £ — ^ 0, of the quadratic covariation between f{eW) and 
W in the case in which / is not smooth. We use a recent representation as 
a backward- forward Ito integral of [/(eW),W] to prove an e-dependent ap- 
proximation scheme which is of independent interest. We get the result by 
providing estimates to this approximation. 

Non-smooth Ito's formula and Quadratic Variation and Large Deviation 



1. Introduction 

One of the central results of stochastic calculus is Ito's change of variables formula 
for twice differentiable transformations of semimartingales. It was realized recently 
that one also needs to study nonlinear maps that are not smooth enough to allow an 
application of the classical Ito formula. Various approaches to less regular changes 
of variables have been introduced, see [3], [1], [S], |H], [H], and references therein. 
These studies show that the key feature of the Ito formula, the quadratic covariation 
term, is well-defined under much weaker assumptions than those leading to the 
traditional formula. However, no nontrivial quantitative estimates of the arising 
quadratic covariation processes have appeared in the literature, to the best of our 
knowledge. 

One area where such estimates are naturally needed is small random perturba- 
tions of dynamical systems. Often, in the course of a study of a stochastic system 
one has to make a simplifying change of coordinates, transforming the system lo- 
cally to a simpler one. If the transformation map is C^, then one can apply the 
classical Ito calculus and easily control the Ito correction term. However, there are 
situations where a natural change of variables is less regular than , and in these 
cases there is no readily available tool that could be used to control the generalized 
Ito correction. 

The goal of this paper is to close this gap and provide quantitative estimates on 
the generalized Ito correction term under non classical assumptions on the trans- 
formation. 

Let us now be more precise. Let be a standard 1-dimensional Wiener process 
on a complete probability space (ft, S, P) and e > be a constant. If g : M — > M is 
C^, then the classical Ito formula is (see [HI Section II. 7]) 

g{eW{t))-g{0) = e f g' [eW {s))dW {s) ^ f g"{eW{s))ds. 
Jo ^ Jo 

Introducing f = g' G , we can also rewrite the second term in the r.h.s. as 
quadratic covariation between f{eW) and sW: for Qe{t) — [f {eW) , eW]{t) , we 
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have 

Q,{t)^e^ [ f'{eW{s))ds, t>0. 
Jo 

In particular, for any T > 0, sup^^y Qe{t) — > in probability as e — J' 0. In this 
paper we show that this converges holds in the case in which / is not differentiable. 

The motivation for this problem relies on small random perturbation of dynam- 
ical systems. Suppose that 5 is a vector field with a critical point at x* and let S 
denote the flow generated by b: 

j^S'x = h{S^x), S°x = X. 

It is well known (see Section 2.8 of [12]) that there is an homeomorphism g so that 
locally around g{x*) the flow g{S*x) behaves like the linearized version of 5*, e"^*, 
where A is the Jacobian of 6 at a;* . This idea combined with the traditional Ito's 
formula imply (see, e.g. [1], [11]) that if g is at least and xq is close enough to 
X*, the system 

dX,{t) = b{X,{t))dt + edW{t), XM = xo, 
could be analyzed by working with 

dXS) = (AX'ii) + ^lg"{X%t))^ dt + eg'{g-\XS)))dW{r), 1,(0) = g{x^). 

In this case, the analysis of X can be carried out as the analysis of an Ornstein- 
Uhlenbeck kind of process with a perturbation of order , simplifying the problem 
considerably. Unfortunately, g is not in general C^; instead, there is a well un- 
derstood range of cases for which g G (e.g. Hartman Theorem on Section 2.8 
of [H]). In these cases, an already known formulation of Ito's formula implies a 
similar analogy between the non-linear and linear systems with — [g'{X^),Xg] 
instead of /J g"{Xe{r))dr. Hence, an estimate that shows that in these cases 

e~^Ql — !• 0, as £ — > 0, allows for the same simplification as in the case in which 
g ^ . Up to the authors knowledge, there are no estimates like this in the liter- 
ature. The objective of this paper is to prove the simplest of these estimates; that 
is, that, / continuous, e~^[f{eW),eW] — >■ 0, as e — >■ 0, in probability 

The analysis of the quadratic covariation [g'[X),X] in connection with exten- 
sions of Ito's formula for functions g ^ is fundamental for nonsmooth Ito cal- 
culus, see [5], [3, [8], [H], [15]. In [5, [T^, [15] methods from backward stochastic 
calculus were used (see also the summary [E]), while in [5], [7] a local time ap- 
proach was used. The basic result that has been explained in the cited literature 
from several points of view is that for T > 0, 

(1) QS) = -e f f{eW{s))dW{s) - e f f{eW{T - s))dW{T - s), 

Jo JT-t 

where both integrals can be understood as Ito integrals w.r.t. appropriate filtrations. 
It is well known [T31 page 389] that the integral with respect to W{T — ■) in ^ 
is the time reversal of a semimartingale w.r.t. the natural filtration of W{T — •). 
Here the time reversal (with respect to T > 0) of a process X is understood as 
X{T -t)- X{T). 

In this paper we exploit this structure by constructing an approximation scheme 
for and using martingale techniques to show its consistency. As far as we know. 
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this is the first attempt to use such a scheme in small noise analysis. See [2j for a 
related but different scheme for local time approximation in the case e = 1. 

The text is organized as follows. In Section [2] we state our main results that 
include the martingale representation for the quadratic covariation. A proof of the 
martingale representation is given in Section [3l In Section |4] we use the martingale 
representation to propose an approximation scheme that we then use to prove the 
key bound that the main results depend upon. The proofs of the main theorems 
are given in Section [5j In Section [5] proofs of auxiliary lemmas are given. 

2. Main results 

We are going to study Qe{t) ~ [f (eW) , eW]{t) assuming that / : M — > M is a 
bounded and uniformly Holder or Lipschitz function, although these assumptions 
on / can be relaxed. It is convenient to formulate these assumptions in terms of 
modulus of continuity defined by: 

osc/((5)= sup \f{s)-fit)l S>0. 

\t-s\<S 

Throughout the text, we work with an arbitrary fixed number T > 0. We will 
not be explicit when including the dependency on T > in the notation. We are 
ready to state the main results of the text. 

Theorem 1. Suppose osc/((5) < C/(5" for some a £ (0,1), C/ > 0, and all suf- 
ficiently small 5. Then, for every 5 > 0, 7 G (0,a), and /i g (j^a), there are 
constants £5^^ > and Cg^^i. > such that 

p|e-(i+^)sup|Q,(t)| >4 <C5,^e'^"-'^)/(i-"\ ee (0,£5j. 

In particular, for any 7 G (0, a), 

e-(i+'^)sup|Q,(t)| A 0, £^0. 

t<T 

This result is stronger than our initial claim that e^^Qe — >■ 0. Moreover, if a is 
close to 1, the exponent 1 + 7 can be chosen to be close to 2. 

The method we employ to prove this theorem produces the following estimate 
in the Lipschitz case where a — \: 

Theorem 2. Suppose oscy((5) < Cf5, for some constant Cf > and sufficiently 
small S > 0. Then, for every 5 > 0, 7 G (0, 1), and ^ £ (7, a), there are constants 
^s.fi > and Cs.^i > such that 

p|£-(i+'^)sup|Q,(i)| > j| <C5,^e-^"""''\ ee{0,es,^). 

This theorem establishes that the rate of decay in probability is exponential in 
the Lipschitz case, which is coherent with the differentiable case in which almost 
sure convergence holds. For the Holder case, the method only shows a polynomial 
upper bound which in principle does not imply that the convergence rate can not 
be exponential. 

The proof of Theorems [1] and [3 will be given in Section [SJ An important part 
of the analysis is Theorem [7] given in Section S] and in principle one can apply 
that result and its possible extensions to less regular functions /. The proof of 
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Theorem [7] is in turn based on a forward-backward martingale representation of 
the quadratic covariation that we proceed to explain. 

Definition 3. The time reversal of a process X — {X{t))t>o with respect to T > 
is defined by 

X{t) = X{T -t) - X{T), te[0,T]. 
Likewise, the backward of X with respect to T > is defined by 

X{t) X{T ~t), te[0,T]. 

The starting point is the representation for — e^^Q^ implied by ([T]). For any 
T > 0, 

(2) L,{t) = - I f{eW{s))dW{s)- I f{eW{s))dW{s), te[0,T]. 

Jo JT-t 

We will find a convenient way to rewrite this expression using an enlargement of 
filtration approach. Denoting the natural filtration of a process X — {Xt)t>o by 
T-'^ = {J^^)t>Oj we note that that the integral with respect to in © is an 
martingale, while the integral with respect to W is the time reversal of the J-^ 
semimartingale 

Ne{t) = f f{eW{s))dW{s). 
Jo 

Therefore, one of the terms in ([2]) is a martingale, while the other one has a non- 
trivial drift component. The following result reveals the structure of this time 
reversal. 

Theorem 4. Let Q = (C/j)jg[Q he the minimum filtration such that W{T) is 

measurable and C Qt- Then , W is a Q semimartingale with Doob-Meyer 
decomposition given by 

(3) W{t)^W{T)~ f^ds + m. 

Jo T-s 

for some Brownian Motion /3 with respect to Q . 

Moreover, if % — ('H)(g[o,T] is the the minimum complete filtration such that 
W{T) is Ho measurable and J-"f C Ht, then /3 is an H Brownian Motion, W is an 
% semimartingale with the Doob-Meyer decomposition ^ and W can be written 
as 

(4) w{t) = W{T){\-tlT) + {T-t) f t€[Q,T]. 

Jo T-s 

Remark 5. In particular, since W is H adapted, for every function F : — > 
such that 

E [ F{W{s)fds < oo, 
Jo 

the process 1 1— /j^l^ F{W{s))dj3{s) is the time reversal of a martingale. 

Using Theorem 21 we can obtain a representation for = e^^Q^. This is given 
in the following: 
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Corollary 6. Let H be as in Theorem (jl]). Then, the process — e ^Qe can be 
written as 

(5) L,{t) = - f f{eW{s))dW{s)- r f{eWis))d/3is)+ f f{eW[s))^^ds, 

Jo JT-t Jo ^ 

which is the sum of a martingale, a time reversal of an H martingale and a 
bounded variation term. 

Proof. This is an immediate consequence of Theorem H] and ^ since W{t)/t is 
integrable on the interval [0,T] and / is bounded. □ 

3. Proof of Theorem H] 

Consider the time reversal W of the Brownian Motion W . Note that the natural 
filtration of W , , is such that the increments of W in the interval \T — t,T\ are 
measurable. Further, it is easy to see that is a Brownian Motion adapted to 
its own filtration. Indeed, to see this it is enough to see that, for < s < t < T, the 
increment Wit) — W(s) = Wi^ ~ t) ~ W{T — s) is a zero mean Gaussian random 
variable with variance t ^ s independent of ■ 

Theorem |13j Theorem VL3] applied to the Brownian Motion W implies that 
the process 

Jo T~s 

(6) =W{t)+ f^ds te[0,T], 

Jo T-s 

is a martingale with respect to Q. Moreover, from Holder's inequality, it is easy to 
see that the integral in ^ is taken with respect to an integrable function and hence 
has finite variation. Then, it follows that [/3, /3]{t) = t and from Levy's theorem /3 is 
a Q Brownian Motion. Hence, using (jB]) and Doob-Meyer decomposition theorem, 
we conclude that W is a, G semimartingale with decomposition ([3]). 

It remains to show that f3 is a H Brownian Motion. Let us recall Jacod's The- 
orem [131 Theorem VI. 2] which in this case implies that /3 is a Brownian Motion 
with respect to H if /3{t) is independent of W{T) for any t G [0,T]. In order to 
show this independence, take t £ [0,T] and note that f3{t) and W{T) are jointly 
Gaussian centered with 

EW{T)m = E {{WiT - t) - W{T))W{T)) + j\ (^}^^^—jlw{T)^ ds 

= 0. 

Hence /3 is a Brownian Motion with respect to H and is a semimartingale with 
respect to H with decomposition dSj. 

Finally, since the increments of (3 are independent from W{T), we can consider 
the SDE 

(7) dW{t)^-^^dt + dm, W{0) = W{T). 

Let us show uniqueness for this equation. Suppose that X{t) is another process 
that solves the same SDE with the same initial condition. Then, it is easy to see 
that X{t) - W{t) = C • (T - t), for some random variable C and for any t g [0, T]. 
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Hence, from X{0) — Vl^(O), we conclude that C = and the SDE fT]) has a unique 
solution. Formula ([4]) follows by the variation of constants formula, and the theorem 
is proved. 

Theorem |4] is the main element we need to propose our approximation scheme, 
which is the next step in the exposition. 

4. Small Noise Analysis of Quadratic Covariation. 

In this section we study the quadratic covariation process = [f{eW),W]. 
Recall the representation ([S|) given in Corollary [5] This will be one of the main 
ingredients in our proof. 

Throughout this section, let (ne)e>o be integers such that cx) as e — > 0. 

Let us define {Se)e>o by — T /n^, and observe that (5^ \ as e — >■ 0. The main 
result of this section is the following: 

Theorem 7. Let = 2 y^^Tjlog^Tf ; o-nd let (7e)e>o be such that 7^ — >■ and 

|iog5,l^!££l£^_>o, e^o. 

Then, there are positive constants Ki, K3 and Eq such that 

p|e-isup|QeWI > 7s| < ifi77'e~^^^'/°^^^("«^^' +if2'5e, e e (0,£o). 



The idea of the proof is to start with the representation ([T]) and use Theorem [3] 
to prove an approximation to each integral by a sum of increments. The result will 
follow once we combine the approximating sum for each integral into one. We will 
devote the rest of this section to developing this idea. 

4.1. Approximating Processes. Let be the partition of the interval [0,T] 
given by points = sq < •■• < = T, where = iSe, for z = 0, n^- Also, define 
the backward partition to be the partition of [0, T] given by points = < 
... < tn^ = T, where ti = T - s„^_,,. 

For an arbitrary process Y and times s,t G [0, T] let At,sY = Y{t) — Y{s). Then, 
for t G [0,T] we introduce the following notation: 

(8) S,{t)^ f f{eW{s))dW{s), 

Jo 

(9) S,{t) = / f{eW{s))dW{s), 

JT-t 
^(t) 

(10) Je{t) = /(eW^(s»-i))A,„,,_,W^, 

1=1 

■m 

(11) J,{t)=Y,f{eW{s,))^,^^,^_,W, 

i=l 

where i{t) is given by 

i{t) = min {j G [0, n.] n Z : > t} . 
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The idea is to approximate each element Se and with Je and Je respectively, so 
we can approximate by i^^p^ — — J^. Note that since 

after reordering the sum in fjlip . we can rewrite Jg as 

rie — 1 

(12) ie(t) = - fi^^i^^))^u+uuW, 

which is an integral sum of the Ito integral S^. We will use Theorem |4] to justify 
the application of martingale techniques to prove that approximates Se and that 
Je approximates S,.- 

Once we have an approximation of by L^ p^ , we notice that 

(13) Le,p.(i) =^A,.,,._, if{eW))A,^,s^_,W. 

1=1 

The differences in / in the above expression will be used to prove that L^^p^ (t) 
converges to uniformly in probability and get the result. 

We start with some preliminary results. The proofs will be postponed until 
Section [S] in order to keep the continuity of the paper. We state the next general 
lemma. 

Lemma 8. Let (Me)^^Q be a family of martingales such that for every e > 0, 
M(;(0) = 0, the quadratic variation {M^} is absolutely continuous with respect to 
Lebesgue measure, and (Me) (T) < r^. Then, for any 6 > 0, 

p{sup|M.(t)|>.}</|^e-V(..). 

We give a slight generalization of Levy's modulus of continuity lemma: 

Lemma 9. For a Brownian motion B, define the modulus of continuity with respect 
to partition by 

(14) 5B.e= max sup \As.s,_iB\. 

Then, there is a constant C > independent of s > such that for any 6 > 

P{Ss,e>S}<-^e-''/^''^\ 
In particular, there is a K2 > such that 

P{SB,e>qe}<K26„ £ > 0. 

With these two results at hand we are ready to estimate L^.p^ 
Lemma 10. There is a positive constant K such that for any 5 > Q and e > 0, 

P l^SUp^^ \LeMt)\ > ^1 < P || l0g5e|0SC/(e(Z,) > ^1 + K25e- 

Of course, the probability in the r.h.s. is either or 1, and the estimate is 
meaningful only if the inequality in the curly brackets is violated. 
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Proof. Let us start with the simple inequality 

(15) sup Le,p.(i) < V |A,.,,,_ J(eVF)| \As^,s,_,W\ , 

*e[o,T] 



derived from (|T3|). We estimate each term of the sum in the r.h.s. of (|15|1. 
From definition (ITi|) it follows that 

max \Asi^si^if{£W)\<oscf{e6w,s)- 

i—l,..,n^ 

Using this inequality and the definition of in (|15p , we see that 

sup L^^p^(t) < n^osCf{eSw.e)Sw,e 
te[o,T] 

< T6w,eOSCf{eSw,e)/Se- 

Hence for every S > the inequalities 

P <^ sup |Le,p, \> S \ <P {OSC f{e6w.e)Sw,e > SeS/T, Sw,e < 9e} + P {Sw,e > ^e} 

[telo.T] J 
(16) < P {0SCf{eq,)qe > 5,5 IT} + P {5w., > q,} 

hold. The second term in the r.h.s. of (jl6l) can be bounded using Lemma [51 so we 
focus on the first term. For this notice that 

0SCf{eqe)qe/5e = 4| log (5^ |osc/ (ege)/^^, 

which implies that 

P{oscf{eq,)q, > 5,5/T} < P {| log<5e|osc/(e(Ze) > qJ/i'iT)}. 
The result follows after combining this fact with ([TE| and Lemma [S] □ 

4.2. Approximation of by p^. We have shown that L, p^ converges to 0. 
In order to prove the convergence of we need to prove that p^ approximates 

In order to do so define 

M,(t) := S,{t) - Mt) + /(£T^(5,(t)_i))A3,,^,,tIF, 

and 

Me(t) S,{t) + lit) + /(£W^(i„^_,(t)))AT-t,„,-.(t)W^. 

Using ([8]), pO]) . and the definition of i{t), we sec that the process can be written 
as 



Me{t) A,,s^_J{eW)dW{s). 



Likewise, using ([9]), ([Tl]) . ([T2|) and the definition of the points ti, we see that 



M,{t) = V / As.tJ{eW)dW{s) 
(17) =E/ As,tJ(eW^)d/3(s)-Ae(<), 
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where we defined 

(18) Mt)= / /:^sMf{eW)-Mds. 

Notice tliat is a J-^ martingale and Mg is the time reversal of a J^^ semi- 
martingale. This is the main fact in the proof of the following Lemma: 

Lemma 11. There are positive constants Ki, K2, K3 and Eq such that for any 
S>0, 

p|sup|M,(t)| > 4 < {Ki/S)e-''-'"/°''f("^^^" +K25,, e e (0,eo). 

U<T J 

Here can be either or . 

The following lemma will be used in the proof of Lemma 1111 The proof is 
postponed until Section [51 

Lemma 12. There are positive constants Ki, K2, K4, and Eq such that for all 
S>0, 

p| sup \A,{t)\>s\<{Ki/S)e~''''"^°''f^''"'>"+K2S„ ee(0,£o)- 

[tG{0,T} J 

Proof of Lemma \ll\ . Let us start with the proof for Af^. As we said before, the 
process Mg is a martingale with quadratic variation — {M^) given by 

(19) re(i)=E/ \^s,s.^J{eW)\^ds. 

In order to apply Lemma |S1 we need to find a bound on the (random) function F^. 
In this case implies that 

sup |As,Si_i/(£VF)| < 0SCf{E5w,e), 

se[si_i,si] 



for all £ > 0. Using this bound in (|T9)) we see that 

(20) Fe(T) < Toscf{E5w,ef ■ 
Lemma |8] implies that 

P jsup|Af,(t)| > (jj < P jsup|M,(i)| > 5,V,{T) < TosCf{£q,f 
+ p{Far) >Tosc/ (eg,)'} 

(21) < y^^°!£j£l!e-^V(2To.c,(s,.)^) + p |r^(r) > ^osc^ ^,q^ 



for all e > small enough. It remains to estimate the second probability in ([21 
Using (l^n)) it easily follows that for each e > 0, 

P [t,{T) > Toscf {EQef} < P{osc/ {eSw^s) > osc/ (eg,)} 

< P {Sw,e > Qe} ■ 

Lemma Eland (|2T|) imply the desired estimate for Me- 
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To obtain the estimate on A/e, we notice that (fTTl) and (fT8|) imply 



M,{T ~ t) + A,{T - t) = 



As,ufisW)dp{s) 



1=0 



i=0 



As,tJ{eW)dl3{s). 



Q JtiAt 



Then, it follows that 



sup 

t<T 



M{t) - A^{t) = sup \M{T ~t)- A^{T - t) 



< 



/-ti+i 



J2 / A,,tJieW)d(3i.s] 



sup 



/.ti+iAt 



E 



A,,tJ(£M/)d/3(s) 



Q JtiAt 



< 2 sup 

t<T 



"e-1 pti + iAt 



E 



A,,tJ(eTy)d/3(s) 



Using this bound to proceed in the same way as we did for M^, we obtain that for 
any S > 0, 

P jsup |m(0 - Ae{T)\ >S^ < {Ki/6)e-^'^'/°"'f'^"'^^' + i^2<5e, 
for all e > small enough. Since 
M{t) 

the result follows from Lemma [T^ □ 



P sup 

,t<T 



> ^ J. < P <j sup 

t<T 



M{t) - A,{t) >S/2} + P^ sup \A,{t)\ >S/2}, 

t<T 



A consequence of Lemma [11] is the approximation of the quadratic covariation 
if — [f{eW),W] by L^^p^, given in the following Lemma: 

Lemma 13. // {'je)e>o is such that 7^ — >■ and osCf{eqe)qe%^ as e ^ 0, then 
there are positive constants Ki, K2, K^, and Eq such that 

p|sup|L,(i)-i^..p.WI >7e| <^^i77'e-'^=^'/°"'^''^^'+W, ee (0,eo). 

Proof. Let (7e)e>o be as in the statement of the Lemma. By the definition of 
and Me, it follows that 

(22) \LS) - L,,pM\ < m + m + |A,,,,,,,^,,,_ J(sW^)A,,,,,^,,„_,W^|. 
The result follows as a consequence of Lemmas 1^1 and [TT] Indeed, since 

Lemma [HI implies 

P{| A,,(^,,^(^j_J(el¥)A,,(^,,,^,^,_^VF| > 7J < P {0SCf{eSw.e)Sw.e > le,Sw.e < Qe} 

+ P {Sw,e > qe} 
< P {0SCf{eqe)qe > 7e} + K2Se. 

Hence, there is a > such that 

P{|A,,„,,,^,,_J(eW^)A,.,,„,.,,,_,W^| >7j<i^2<5s, (0,£o). 
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Using this bound and Lemma [TT] in ([22]) . we obtain 



P I sup \L,{t) - L,,pM > 7e| < i^i77ie-^^'^'/°-/(-«-)' + K^S,, e € (0,eo). 
The proof is finished. □ 



5. Proof of Theorems [H [2] and [7] 

Proof of Theorem The resuh is a consequence of Lemmas [10] and 1131 Indeed, if 
(7e)e>o is as in the statement of the Theorem, it is immediate to see that 

p(e-isup|Qe(t)| >7ej < p|sup|L,(t)-L,,p^(0| >7e/2j 

(23) +p| sup \L,^pM>len\- 

[telo.T] J 

The resuh will follow by applying Lemmas \TU\ and [13] to the two terms in r.h.s. 
of ((231). 

First, note that 

.e^llog^.l^^^^^O, e^O, 

implies that osc f{eqe)qej^^ — -ir/^S^ — > 0, as e — > 0. Hence, from Lemma [131 we get 
that for some positive constants K[,K2, and e'q 



(24) P <^ sup 



t<T 



\LS) - L,^pM\ > 7e/2| < A'i77ie-^^^'/°^^^(^^')' +7^2-5^ 



for all e G (0,eo) • Likewise, since ?7e ^ as e ^ 0, Lemma [TOl implies that for 
some positive constants Si and 

(25) pi sup \L,^pM>le/^ <K26„ ee(0,£i). 

te[o.T] 



The result follows by using ^ and ([25]) in ([23]). □ 

Proof of Theorem]^ The proof is a consequence of Theorem [7] Indeed, let us find 
a family ((5e)e>o such that (5^ — > and 

ii,,|iog^,l^l5££i£^ = o. 

Let A(5e,e) = | log(5£|osc/(e(?e)g~^. A straightforward calculation gives 

Let fi e (7, a) and take Se = e2(«-M)/(i-a) . Then, ^(£2("-^)/(i-"), e) < i(e), 
where ^(e) is given by 

i(£)=C„,/£^|l0g£|(" + l)/^ 
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for some constant Caj > independent of £ > 0. So, we can use this Se in 
Theorem [7] to get that 

r 1 f ffe-"(i-A')/(i-"))^i 

P \e-^ sup \Qe{t)\> 6} <Ki6-^exp{-Co^ ' ^ 



t<T 



|loge| 



(26) _^^2^2(a-M)/(l-")^ 



for aU e > small enough and constants Ki,K2, Cq > independent of e > and 
5>0. 

Theorem[7] actually implies that inequality ([25)1 remains true as long as A{e)/6 — >■ 
0, as £ ^ 0. So, since 7 G (0, ^), we can substitute e'^S for 5 in ([26)) to get that 

r ^ r r2 2(-(Q-7)+a(^j-7))/(l-a) ^ 

P|£-(i+^)sup|ge(i)l >n <^i'5-'£-^exp|-Co ^^^^^^ j 

(27) +if2e2("-A')/(i-"). 
Since a G (0, 1) and /i < a, we have 

~ 7) < a(a — 7) < a — 7. 
Using this fact in (|27l) wc get that 

P |£-(i+'') sup \Q,{t)\ >6^ < i^3e2("-M)/(i-a)^ 

for some K3 > 0, any (5 > 0, and all £ > small enough. The result is proved. □ 

Proof of Theorem [H The proof follows the same steps as the proof of Theorem [T] 
The first step is to to follow Theorem[7]by finding a family {6e)e>o such that -> 
and 

lim I logi5e|£ = 0. 

e— >0 

Given 7 e (0, 1), we propose — e^^ "\ for e (7, 1). In this case, | log(5e|£ — 
, so Theorem [7] implies that 

p|£-isup|Qe(i)| < if 1(5-1 exp{-if452g-(i+^)e-'"''""'} 

+ 1^26 " 

As in the proof of Theorem [TJ we can substitute 5e^ instead of 5 in the last in- 
equality. We can finish the proof by extracting the leading term in the resulting 
estimate. □ 



6. Additional Proofs 

Proof of Lemma\^ For each e > 0, we use the representation of martingales as 
time changed Brownian Motion [9l Theorem 3.4.2] to see that = B{{M^)) in 
distribution in the space of continuous functions, for some Brownian Motion B (see 
[i Theorem 3.4.2]). Therefore, 

p|sup|Me(i)| >S^ < p|sup|B(t)| >5|. 
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Now the symmetry of B, reflection principle [U Section 2.6], and Brownian scaling 
(self-similarity) imply that 

P j sup \B{t)\ > s] = p\sup max{B{t), -B{t)} > S 



< 2P <^ sup B{t) > S 

[t<r, 

< AP{B{r,) > S} 

= 4P {V^B(l) > ,5} . 

The result follows by a standard Gaussian Tail estimate. □ 
Proof of Lemma Fix 5 > and note that 



(28) P{SB^e>S}<J2^\ sup \A,^,^_,B\>6\. 

We bound each of the probabilities in this sum. Since the process Ag^si-iB is equal 
in distribution, on the space of continuous functions, to a Brownian Motion itself 
up to a time shift, we can use reflection principle [HI Theorem 2.9.25] and standard 
Gaussian bounds to get 



P<^ sup \A,,s^_,B\> S\ <4P{BiS,)> 5} 

[sG(s,-i,Si) J 



Substituting this expression in (|28|) and using the fact that < 2T/6e, we see that 
there is a constant C > independent of e > such that for any S > 

P{5B,s>^}<-^e-^V(24) 

as expected. 

To prove the second part, use S = = 2^—6^ log 6^ in the last expression to get 
that 

25eV-l0gSe 

C6, 



2y^bp; 

< K25„ 



for some constant K2 > 0. Hence the result follows. □ 
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Proof of Lemma fill We start with a basic inequality 



sup \Mt)\< J2 \X,sJ{eW)\^-^^ds 



t6[0,T] 



< 2^/Toscf{e5w.e) sup i^ML 

s<T \/T — S 

< 2VTosCf{sSwe) sup Mfll. 



It implies that 



p| sup |Aaoi>4<p|supMf)l>^ — A^l + P{j^^>^j 

< P <^ sup )=A > -= } + KiSe, 

\s<T 20SCf {eqe)VT j 

for some constant Ki > independent of (5 > and e > 0. To finish the proof, we 
need to study the tail probability of the random variable A — supj<y |VF(s)|/-v/s. 

In order to study the tail decay of the random variable A, note that, due to the 
symmetry of Brownian Motion, 

P{A>S}<2P (sup > S 



t<T 



Vt 



So it is sufficient to focus on the tail probabilities of the random variable = 
supt<'p(W(t)/-\/i), which is the supremum of a Gaussian process. 
Equip the interval [0,r] with the metric p given by 

We denote by Bg{t) C [0,T] the p-ball of radius 9 > centered at t e [0,r]. Let 
Hg be the minimum number of balls of radius 9 needed in order to cover [0,T]. 
According to [TU] [Section 14, Theorem 1], if 

(29) / ^/\\ogHe\d9 < oo, 

Jo 

with a = s\vp^^^Qj,^Ya.r{W{t)/^/t) — 1, then EN < oo. Then, it is standard to 
see [in! [Corollary 2, Section 14] that there is a Co > EA^, such that for any C > Co 

(30) P {|iV - E7V| > C} < Ce~'^'/VC, 
for some universal constant C > 0. 
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In our situation, if the integral in ([29|) is finite, this will be enough to finish the 
proof. Indeed, assuming (pO)) . there is an sq > such that 



P supM> ^ <2P A.> ' 



s<T y/s 2osCf {eqe)VT j \ 2osCf {eqe)VT } 

<2P In -EN > = - EiV 

[ 2oscj{eq,)VT 



< Ci i ^ ^ EN I exp { -C2 I r- " EA^ 

\2VT0SCf{eqe) ) 1 \2VT0SCf(eqe 

r 

< (Ci/<5)exp -C3 



^ '0SC/(£ge)2 

for some constants Ci , C2, C3 > independent of e and (5, and all e E (0, Eq). Hence 
we just need to show that the integral (l29l) is finite. 

We are going to give an estimate oi Hg, 9 £ (0, 1/2). Suppose < s < t < T, 
then s S Bg{t) if and only if 

V^(l-0V2)• 
Therefore, if s and t belong to the same ball of radius 6 e (0, 1/2), then 

\t-s\ < T9^. 



Hence, Hg < 2/6'^, and y/ \ log Hg \ is integrable on the interval [0, 1/2], which implies 
our claim. □ 
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